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Abstract 

The problem of group classification of one class of quasilinear equations of hyperbolic 
type with two independent variables has been solved completely. 

1 Introduction 

The problem of group classification of differential equations is one of the central problems of 
modern symmetry analysis of differential equations [S]. One of the important classes are hyper- 
bolic equations. The problem of group classification of such equations has been discussed by 
many authors (see e.g. [1-8], [10-11]). 

miaiini uu = u^^+F{uy, 

El uu = [/(n) 

[HI HH Utt = f{Ux)Uxx] 

Utt = F{ux)uxx + H{ux); 

|H1 Utt = F{uxx); 

ISl Utt = u'^Uxx + f{u); 

M utt + f{u)ut = {g{u)ux)x + h{u)ux. 

In this article we consider a classes of hyperbolic equations in 1 + 1 time-space: 



utx = g{t,x)ux + f{t,x,u), gx ^ 0, fuu 0; (1-1) 
Utx = f{t,x,u), /n« / 0. (1.2) 

where u = u{t, x) and g, f is an arbitrary nonlinear differentiable function, is an arbitrary 
nonlinear smooth function, which dependent variables u or Ux- We use following notation 

Ux = 7^, Uxx = TT-^T) ut = -r- , . The approach used in the present article is that presented 

ox ox'^ at 

in being a synthesis of the standard Lie algorithm for finding symmetries and the use 

of canonical forms of partial differential operators obtained with the equivalence group of the 
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equation at hand. The conditions for a hnear partial differential operator to be a symmetry 
operator of equation Hl.lf) turn out to be too general to produce a manageable system of defining 
equations. A solution to this apparent impasse is to invoke the equivalence group of equations 
(|1.2|) and use it to find canonical forms for the symmetry operators. In this method 
was applied to nonlinear heat equations. 

The method is as follows. First, establish the defining system for a partial differential operator 
to be a symmetry operators of equations . (11.21) . Then calculate the equivalence group of 
the equation. Here, the equivalence group is following group of invertible transformations 

t = T{t,x,u), x = X(t,x,u), u = U{t,x,u) (1-3) 
which transforms equations p.l|l . (|1.2|l to equations of the same forms 



utx = Usx + g{t,x)ux + f{t,x,u); (1.4) 
utx = fit,x,u). (1.5) 

The next step is to calculate the various canonical forms for a linear partial differential operator 
(LPDO) with respect to this equivalence group. This is the same as linearizing the operator 
(more precisely, finding a simplest form of an arbitrary LPDO which is equivalent under the 
equivalence transformations H1.3() to the LPDO at hand). 

However, these canonical forms for LPDOs and symmetry operators on their own provide no 
solution to the problem we wish to solve: we do not, unlike for the cases solvable by Lie's algo- 
rithm, automatically obtain the Lie algebra of symmetry operators in this way. Our procedure 
requires us to make assumptions about the nature of the Lie symmetry algebra of equations 1)1.1(1 . 
(|1.2|) . We take an arbitrary Lie algebra and find, using our equivalence group and the conditions 
for an LPDO to be a symmetry operator of equations (|1.1() . (|1.2() canonical representations of 
the Lie algebra as a symmetry algebra of equations ()l.lj) . ()1.2|) . Different representations will 
give different forms for the functions f{t, x, u), g{t, x, u). At present we have no result which tells 
us the maximal dimension for the Lie symmetry algebra, unlike the case of ordinary differential 
equations. However, we find that we need only Lie algebras of dimension no greater than three. 

All our arguments are local, and we do not treat global questions. Also, all functions involved 
in our arguments are assumed to be continuously differentiable of the appropriate order. 

The first step in our programme is to find the conditions for a vector field to be a point 
symmetry of equations (jl.lj) , (jl.2() . To this end we consider a vector field of the form 

Q = T{t, X, u)dt + i{t, X, u)dx + r/(t, x, u)du (1.6) 

where t, ^, r] are arbitrary, real- valued smooth functions defined in some subspace of the space 
V = X <^ oi the independent variables X = {t,x) and the dependent variable = {u). As 
a result, we find that the operator ()1.6|) generates a one-parameter symmetry group of equation 
(dH) if 



(^t^ - 99^^ - [rgt - Cg,,]u^ - (p^'g - rft - if^ - r]fu 
where 

VP* = Dt{r])-utDt{T)-u,DtiO, 
ip^^ = L)^(9j^) - ut^D^{T) - u^xDxii) 



^ =0, (1.7) 



(1.8) 
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and Dt, Dx are operators of total differentiation in t and x respectively. 
We then find the following results: 

Theorem 1 The symmetry group of the equation is generated by the infinitesimal opera- 

tors of the form 

Q = T{t)dt + i{x)d^ + [h{t)u + r{t, x)]du, (1.9) 
where r, ^, rj are real-valued functions that satisfy the system 

rtx + f[h -Tt- = grx + rft + C/x + [hu + r]/„, (1.10) 
ht = ng + rgt +igx- 

Theorem 2 The symmetry group of the equation is generated by the infinitesimal opera- 

tors of the form 

Q = T{t)dt + i{x)dx + {ku + r{t, x))du, (1.11) 
where r, ^, ry are real-valued functions that satisfy the equation 

rtx + [k-T'- i']f = rft + e/x + [ku + r]/„. 

Lemma 1 The maximal equivalence group 8 of equation hl.l\) reads as 



(1) t = T{t), x = X{x), V = U{t)u + Y{t,x), t'X'U^O; (1.12) 

(2) t = T{x), x = X{t), v = ^{x)<P{t,x)u + Y{t,x), t'X'^^0, 

<^{t,x) =exp[- j git,x)dt], gx^O. 

where fy^O, ^J;^' ^? / 0- 
D[x, u) 

Lemma 2 The maximal equivalence group 8 of equation hlJA) reads as 

(1) t = T{t), x = X{x), V = mu + Y{t,x), (1.13) 

(2) t = T{x), x = X{t), V = mu + Y{t,x), T'X'm^O. 

where t^O, / 0- 

D{x, u) 

The proof is by direct calculation using the chain rule, and we omit it here. 

The first step in our method is to take a canonical form for a vector field. This is essentially 
the same as linearising a vector field, but we use only the transformations of the equivalence 
group 8 of the equations ()1.1|) , . The reason for this is that the linearising transformations must 
not take us out of the classes of equations of the type given in (|l.lj) . (|1.2j) . We characterize the 
possible canonical forms for vector fields in the following result: 

Theorem 3 There are changes of variables hl.l^) that reduce an operator lil.9\) to one of the 
operators below: 

Q = tdt + xdx] Q = dt; Q = dx + tudu, 

Q = dx + eudu, e = 0, 1; Q = tudu, (1-14) 
Q = udu, Q = r{t,x)du, r 0. 
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Proof. The first group of transformation (|1.12|) reduces operator Q to the form 

Q = TT'd-t + iX'ds, + [{tU' + Uh)u + TYt + £Y.^ + Ur]d^. (1.15) 
If cj • ^ 7^ 0, then, the function T, X, U H1.12() is a solutions of the first-order PDE 

tT' = T, CX' = X, TU' + hU = 0, 
and the function y is a solution of the equation 

TYt + CY, + Ur = 0, 
we find that the operator Q (|1.15j) takes the form 

Q = idt + xdx- 

If T 7^ 0, a ^ = 0, choosing in (|1.12|) T,U,Y a particular solution of PDE 

tT' = 1, tU' + hU = {U^ 0), TYt + Ur = 0, 
we transform H1.9() to become 

Q = d-t. 

If r = 0, C ^ 0, and 

• /i' / we get the operator Q = dx + ivdy . 

• /i' = 0, we get the operator^ = dx + evdy, where e = or e = 1. 
If T = ^ = 0, that we get the following case: 

Q = tvdy, Q = vdv, Q = r{t,x)dy. 

The theorem is proved. 

Theorem 4 There are changes of variables (?? ) that reduce an operator U.ll\) to one of the 
operators below: 

Q = dt + dx + eudu (e = 0,1): 

Q = dt + eudu (e = 0, 1); 

Q = udu, Q = g{t,x)du {g ^0). 

Theorem 5 There are three equations of the form given in Ji. ij) which admit local one-parameter 
symmetry groups generated by the canonical forms given in Theorem They are described by 
the following list, where {Q) denotes the algebra generated by the operator Q and we define the 
equation of the form by the form of the functions g{t, x) and f{t, x, u): 

A\ = (tdt + xdx) : g = t'^g{uj), f = t'^f{u,uj), LO = tx~^, 

9u / 0, /„„ / 0; 
Al = {dt) : g = ~g{x), f = f{x,u), ~g' / 0, / 0; 
Al = {dx + tudu) ■.g = x + g{t), f = w), ^ = e'^'n, /^^ / 0. 



4 



Having established the one-dimensional Lie point symmetry algebras of equation we deal 
with the semi-simple Lie algebras. In fact, we show that no semi-simple Lie algebra has a 
representation in terms of the given vector fields. We prove this result for the two real simple 
Lie algebras so(3) and sl{2,R). 

Theorem 6 The real simple Lie algebras so{3) and sl{2,R) do not have any realizations as 
symmetry algebras of equation 

Proof: First, so(3). The commutation relations are 

[61,62] =63, [62,63] =61, [63,61] =62. 

One of these operators may be taken to be in one of the canonical forms given in Theorem |S1 
We do the calculation for the first canonical form and take 61 = tdt + xdx ■ Then we take 62 and 
63 in general form: 

62 = \ei + Xidt + X2dx + {h{t)u + r{t,x))du 

63 = nei + fj.idt + ti2dx + igit)u + s{t,x))du. 

We may set A = = since 61 commutes with itself (this is equivalent to replacing 62 and 63 
by 62 — A61 and 63 — fiei). Thus we take 

62 = Xidt + X2dx + {h{t)u + r{t, x))du 

63 = lJiidt + H2dx + {g{t)u + s{t,x))du. 

Then [61, 62] = 63 and [63, 61] = 62 give us 

l^idt + fJ'2dx + {git)u + s{t, x))du = -Xidt - X2dx+ 

+ {th'{t)u + trt{t, x) + xrx{t, x))du 

-Xidt - X2dx - {g{t)u + s{t,x))du = -fj-idt - tJ-2dx+ 

+ {tg'{t)u + tst{t,x) + xsx{t,x))du 

From this we see that Ai = A2 = /^i = ^2 = so that 

62 = {h{t)u + r(t, x))du, 63 = {g{t)u + x))du 

which gives [62,63] = 7^ 61. All the other calculations lead to the same result for both so(3) 

and sl{2,R). 

The theorem is proved. 

From this theorem we obtain the following : 

Note 1 In the class of operators il.l]) there are no realizations of any real semi-simple Lie 
algebras; 

Note 2 There are no equations which has algebras of invariance, which are isomorphic 

by real semi-simple algebras, or conclude those algebras as subalgebras. 
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Every solvable Lie algebra g has, as is well-known, a composition series 

g = gn t> gn-l > . . . > go = {0} 

where each gj is an ideal of codimension one in gj+i for i = 0, . . . ,n— 1. This structure allows us 
to perform an inductive construction of the realizations of solvable Lie algebras as vector fields: 
having constructed realizations for solvable Lie algebras of dimension n, we may construct a 
realization for any solvable Lie algebra gn+i of dimension n + 1 by adding the appropriate 
(n + l)-st element to a solvable Lie algebra g„ of dimension n in the composition series of gn+i- 

In Theorem 121 we gave all realizations of one-dimensional Lie algebras which give symmetries 
of equation there are three inequivalent such realizations. We then note that there are 

two inequivalent solvable Lie algebras of dimension two with generators ei , 62 : 

^2.1 = (61,62), [61,62] = 
A2.2 = (61,62), [61,62] = 62, 

Theorem 7 Any A2.2-invariant equation of the type is equivalent to one of the following 

inequivalent equations (where we give the realization of A2.2 and the forms of the functions f 
and g). 

A2.2 = + xdxjt'^dt + x'^dx + mutdu) {m e R) : 
g =[mt + {k- m)x]t~^{t - x)"\ k ^ 0, 

/ = it-xr-2|x|-'"/», 

uj = u\t-xr'^\xr,U^^O; 
A2.2 = {tdt + xdx,t'^dt + mtudu) {m e R) : 

g = t~'^[kx + mt], k^O, f =\tr~'^\x\-"'f{u), 

cu = Itl-^^lxru, 
A-1.2 = {idt + xdx, x^dx + tudu) : 

g = {txy^{mx -t) {me R), f = x'^e'^""'^ f{u}), 

uj = ue*^"\ /^^ ^ 0. 

In Theorem we gave all realizations of two-dimensional Lie algebras which give symmetries of 
equation there are three inequivalent such realizations. 

Theorem 8 There are two equations of the form given in which admit local one-parameter 
symmetry groups generated by the canonical forms given in Theorem ^ They are described by 
the following list, where {Q) denotes the algebra generated by the operator Q and we define the 
equation of the form by the form of the functions f{t, x, u): 

A\ = {dt + dx + eudu) {e = 0,1): f = e''f{e,Lo), 

e = t-x, UJ = e"'*n; / 0; 
Aj = {dt + eudu) (e = 0, 1) : / = e''fix,iv), 

u = e"^*ti, fuju, / 0. 
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The results of the group classification of the equation (|1.2j) has been done in following table. 
The forms of the functions / determining the corresponding invariant equations ()1.2|1 are given 
as follows: 



Number 


Function / 


Symmetry operator 


Algebra 


1 


LO = ue~\ fuju; 7^ 


dt + udu,dx 




2 


u = ue-^-^^J^^ / 


dt + udu, 
dx + udu 


A2.1 


3 


L0 = {t- X)U, f^^ 


-tdt - xdx + udu, 
dt + dx 


A2.2 


4 




-tdt - xdx - udu, 
dt 


A2.2 


5 


fuu^O 


dt + dx, 
tdt + xdx, 
t^dt + x'^dx 


sZ(2,M) 


6 




-tdt + xdu, 
dt,xdx + udu 


-42.2 © Ax 


7 


A|x|-'"-^|n|™+\ 
A/0,m/0,-,l -2 


dt,tdt - ^udu, 
xdx + "^udu 


A2.2 © Ai 


8 


f{u)Juu^O 


dt,dx, -tdt - xdx 


Az.& 


9 


A|u|"+\A / 0,n / 0,-1 


tdt - ^udu 
xdx - ^udu 
dt,dx 


A2.2 © A2.2 



So the problem of group classification of one class of quasilinear equations of hyperbolic type 
with two independent variables has been solved completely. 
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